Spin current contribution in the spectrum of collective excitations of
  degenerate partially polarized spin-1/2 fermions at separate dynamics of
  spin-up and spin-down fermions by Andreev, Pavel A.
ar
X
iv
:1
60
6.
01
56
2v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 20
 Ja
n 2
01
8
Spin current contribution in the spectrum of collective excitations of degenerate
partially polarized spin-1/2 fermions at separate dynamics of spin-up and spin-down
fermions
Pavel A. Andreev∗
Faculty of physics, Lomonosov Moscow State University, Moscow, Russian Federation.
(Dated: August 10, 2018)
The spectrum of collective excitations of degenerate partially polarized spin-1/2 fermions is con-
sidered. The spin-up fermions and the spin-down fermions are considered as different fluids. Cor-
responding two-fluid hydrodynamics consistent with a non-linear Pauli equation is suggested. An
equation of state for the spin current caused by the distribution of particles on different energy levels
is suggested for the degenerate regime, where the spin current is caused by the Pauli blocking. Spec-
trum of three waves is found as a solution of the hydrodynamic equations: two sound waves and one
spin wave. Their spectrums are calculated for two regimes: propagation parallel and perpendicular
to the direction of the equilibrium spin polarization.
I. INTRODUCTION
Interaction and evolution of the magnetic moments are
studied for different physical systems: ferromagnets [1],
[2], ferrofluids[3], strongly interacting ultracold fermions
[4], spin-1/2 quantum plasmas [5], [6], finite chains of
spins [7], quantum ferrofluids of ultracold bosons [8], [9],
[10] and this paper is focused on the weakly interacting
spin-1/2 fermions.
In contrast with bosons, fermions have a large Fermi
pressure at the zero temperature. This relict of the pres-
sure caused by the distribution of particles on different
energy levels exists due to the Pauli blocking. Micro-
scopic derivation of the spin evolution equation shows
that the spin current caused by the distribution of par-
ticles on different energy levels also exists [11], [12], [13].
At small temperatures it reduces to a spin current caused
by the Pauli blocking. It is similar to the Fermi pressure
in the Euler equation thus it is called the Fermi spin cur-
rent [13].
The explicit form of the Fermi pressure is well known
for a long time. It gives an equation of state for the
pressure of degenerate spin-1/2 fermions with zero spin
polarization. An account of the spin polarization in the
equation of state of the degenerate fermion gas can be
easily done [14]. However, the Fermi spin current has not
been considered (spin currents caused by the interaction
are not discussed here see for instance [15]). Recently,
an equation of state has been suggested at the analy-
sis of the spin imbalanced electron gas. It is based on
a minimal coupling scheme which selfconsistently bind
a non-linear Pauli equation, Euler equations for spin-up
and spin-down electrons and the spin evolution equation
[13]. The account of the Fermi spin current dramatically
modifies the spin wave spectrum [13]. Moreover, the im-
portance of the account of the separate spin evolution at
the analysis of the concentration and velocity field evo-
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lution follows from the appearance of the spin-electron
acoustic wave [16].
This result can be applied to neutral spin-1/2 fermions
considered in different aspects of the spinor quantum
gases [17]-[20]. Spectrum of collective excitations in the
spin imbalanced spin-1/2 fermions is calculated in this
paper considering the short-range interaction between
fermions with different spin projection in the first order
by the interaction radius.
The external magnetic field creates a preferable direc-
tion in space. Therefore, we can expect anisotropy of the
spectrum. Particularly, we have different spectrums for
wave propagation parallel and perpendicular to external
field.
Dynamics of a system with non-zero spin particles of a
single species can be presented in form of the single fluid
hydrodynamics [21]. These hydrodynamic equations in-
clude the spin evolution equation along with equations for
evolution of concentration and velocity field of all parti-
cles. However, a multi-fluid description of the system can
be applied either (see for instance [22] for a three-fluid
hydrodynamics of spin-1 Bose-Einstein condensates).
Suggesting model is similar to the spinor BEC [23],
[24], [25] (see reviews [26] and [27] as well). There are
2-types of the ground state in the spin-1 BEC. They are
called ferromagnetic state (phase) and polar state.In fer-
romagnetic phase all spins have same direction. In polar
or antiferromagnetic phase there are same numbers of
spins with opposite directions or all spin-1 particles have
zero projection of their spins for illustration see fig. 2 in
Ref. [28] and fig. 1 in Ref. [29]. There are three branches
of two types of the collective excitations in each ground
state: a Bogoliubov (sound) mode and spin modes [23],
[24]. Spin-1/2 fermions also show three branches of two
types of the collective excitations. The spin-3/2 and spin-
5/2 Fermi gases are also under consideration in literature
[30].
If we have full equilibrium spin polarization of spin-1/2
fermions they show two branches of waves: one sound
wave and spin wave. If there is no spin perturbation
the sound wave only exists in the system. The partial
2spin polarization leads to the splitting of the sound wave
on two sound waves (similar splitting exists for the zero
sound [31]).
This paper is organized as follows. In Sec. II, the ba-
sic equations are presented in two forms: hydrodynamic
form and in the form of non-linear Pauli equation. In
Sec. III, the spectrum of waves propagating in ultracold
neutral fermions is studied. Sec. III consists of several
sunsections. In Sec. III A, the equilibrium state is con-
sidered. In Sec. III B, linearized hydrodynamic equa-
tions are presented. In Sec. III C, the spectrum of waves
propagating parallel to the equilibrium spin polarization
is obtained. In Sec. III D, the spectrum of waves propa-
gating perpendicular to the equilibrium spin polarization
is found. In Sec. III E, regime of zero external mag-
netic field is described. In Sec. IV, a possibility of the
spin acoustic solitons is discussed for the small amplitude
non-linear waves propagating parallel to the equilibrium
spin polarization. In Sec. V, a summary of the obtained
results is presented.
II. MODEL
We consider partial spin polarized spin-1/2 fermions.
Hence, we have the contribution of the short-range inter-
action between spin-up and spin-down fermions.
We suggest a minimal coupling model allowing the
hydrodynamic description with a non-linear Schrodinger
(Pauli) equation (NLSE). The NLSE arises as
ıh¯∂tψ =
(
−
h¯2△
2m
+ pˆi + gˆ − µσ̂B
)
ψ (1)
where ψ is the spinor wave function which is a column
with two elements {ψu, ψd}, subindexes u and d refer
to the spin-up and spin-down states, σ̂ are the Pauli
matrixes, pˆi =
(
piu 0
0 pid
)
is the spinor pressure term,
which arises as a diagonal second rank spinor, where
pis = (6pi
2ns)
2
3 h¯2/2m are the contribution of the Fermi
pressure. It can be represented in term of the Pauli
matrixes pˆi = piu(ˆI + σ̂z)/2 + pid(ˆI − σ̂z)/2, where Iˆ is
the unit second rank spinor Iˆ =
(
1 0
0 1
)
. The short-
range interaction is presented by gˆ =
(
gnd 0
0 gnu
)
=
g[(nu+nd)ˆI+ (nd−nu)σ̂z]/2. It gives an interspecies in-
teraction [32], [33], [34]. Considering the short-range in-
teraction we drop the contribution of terms arising in the
third order on the interaction radius leading to non-local
terms [35], [36], [37]. Notions spin-up and spin-down are
defined relatively to the direction of equilibrium spin po-
larization which can be created by the external magnetic
field. We choose the coordinate frame with the z axis
directed along the equilibrium spin polarization. The
magnetic field B in equation (1) is the superposition of
the external magnetic field Bext = Bextez , the magnetic
FIG. 1: (Color online) The figure shows the dependence of
the spin polarization η on the normalized scattering length
α = an
1/3
0
at the zero external magnetic field and n0 = 10
14
cm−3. Other parameters do not affect this dependence as
it can be seen from equation (10). Further increase of the
scattering length α remains the spin polarization equals to 1.
field created by the magnetic moments of the system (the
spin-spin interaction), and the effective magnetic field
Beff representing the radio frequency field creating the
equilibrium spin polarization.
The continuity equations corresponding to the minimal
coupling model (1) appears as follows
∂tns +∇(nsvs) = ±
µ
h¯
(SxBy − SyBx), (2)
where we have applied Sx and Sy for mixed combinations
of ψu and ψd, ± means + at s = u and − at s = d, ns =
ψ∗sψs, Sα = ψ
†σ̂αψ, with
∗ is the complex conjugation
and † the hermitian conjugation.
The velocity fields presented in the continuity equa-
tions (2) are satisfy the following Euler equations
mns(∂t + vs∇)vs +∇ps
−
h¯2
4m
ns∇
(
△ns
ns
−
(∇ns)
2
2n2s
)
= Fg,s + FS,s, (3)
where Fg,s is the force field of short-range interaction:
Fg,u = −gnu∇nd, Fg,d = −gnd∇nu, FS,s is the force
field of spin-spin interaction, its explicit form arises as
FαS,s = ±µns∂
αBz +
µ
2
(Sx∂
αBx + Sy∂
αBy)
±
mµ
h¯
((Jxα(M) − Sxv
α
s )By − (J
yα
(M) − Syv
α
s )Bx), (4)
3FIG. 2: (Color online) The figure shows the dependence of the
spin polarization η on the external magnetic field B0 = Bext+
Beff at the zero normalized scattering length α = an
1/3
0
= 0,
µ = 2µB , and m = 7 u.
FIG. 3: (Color online) The figure shows the dependence of
the spin polarization η on the normalized scattering length
α = an
1/3
0
at B0 = 0.001 G, n0 = 10
14 cm−3, µ = 2µB , and
m = 1 u, where u is the unified atomic mass unit (Dalton).
The figure is obtained as a solution of equation (12).
FIG. 4: (Color online) The figure shows the dependence of
the spin polarization η on the magnetic field B0 at fixed nor-
malized scattering length α = an
1/3
0
= 0.5 (it corresponds to
a = 1.1× 10−5 cm), µ = 2µB , and m = 7 u. Further increase
of the magnetic field remains the spin polarization equals to
η = 1.
FIG. 5: (Color online) The figure shows the dependence of the
spin polarization η on the magnetic field B0 at negative nor-
malized scattering length α = an
1/3
0
= −0.5 (it corresponds
to a = −1.1× 10−5 cm), µ = 2µB , and m = 7 u.
4with the following explicit form of the substantial (ma-
terial, convective) and quantum parts of spin currents
Jαβ(M) =
1
2
(vβu+v
β
d )S
α−εαγz
h¯
4m
(
∂βnu
nu
−
∂βnd
nd
)
Sγ , (5)
and pressures
ps =
2
5
pisns. (6)
The generalized Bloch equation describes the spin evo-
lution which is related to evolution of both species simul-
taneously:
n(∂t + v∇)
S
n
+
(6pi2)
2
3 h¯
m
(n
2
3
u − n
2
3
d )[S, ez]
−
h¯
2m
∂β[S, ∂β
S
n
] =
2µ
h¯
[S,B] +
g
h¯
(nu − nd)[S, ez], (7)
where [a,b] is the vector product of vectors a and b, n =
nu+nd is the full concentration, and v = (nuvu+ndvd)/n
is the velocity field of whole system. The Fermi spin
current is presented by the second term.
The hydrodynamic equations (2)-(7) are coupled with
the Maxwell magneto–static equations which are ∇B =
0, ∇ × B = 4piµ∇ × S, where S = {Sx, Sy, nu − nd} is
the three vector of spin density.
It is well-known that hydrodynamic equations do not
include the zero-sound which can be included by a kinetic
model [38].
The hydrodynamic model presented by equations (2)-
(7) is similar to the separate spin evolution quantum hy-
drodynamics developed for electron gas [16].
It is well-known that the hydrodynamic form of equa-
tions (which sometimes can be represented as the non-
linear Schrodinger equation) for fermions is justified for
two phases: the superfluid phase and the normal phase
for the strongly interacting regime. For instance, a phe-
nomenological hydrodynamic model of one dimensional
motion of cold fermions in the Boussinesque approxima-
tion with dissipation is considered in Ref. [39] for the
study of weakly nonlinear wave perturbations in such
systems. However, in this paper, we consider fermions in
the normal phase for weakly interacting regime. Hence,
the basic equations require a justification. Disregarding
the spin-spin interaction and the separate spin evolution,
a hydrodynamic model of fermions with short range in-
teraction is derived for weakly interacting regime [35].
More precisely, it is shown that a hydrodynamic form
of equations of motion can be always found for fermions
of a chosen species. However, the explicit forms of the
pressure term and the force field require the specification
of the regime and appear to be a problem in most of
the cases. The pressure and the force field are approxi-
mately found in [35] for weakly interacting fermions. The
well-known Fermi pressure is considered as the equation
of state in this regime. The short range interaction be-
tween the fermions having same spin spin projection is
equal to zero in the first order on the interaction radius.
It happens due to the antisymmetry of the wave func-
tion relatively the permutation of particles. However, a
nonzero force field appears in the next order. The third
order on the interaction radius approximation leads to
the nonlocal terms describing the short range interac-
tion presented by equations (53), (59) in Ref. [35] and
equation (7) in Ref. [37]. Interaction between spin-up
and spin-down fermions can be considered as an inter-
species interaction. It is also considered in Ref. [35],
where bosons and fermions are considered as an example
of two species, but the result is relevant for other pairs
of species. Hence, this result is used in equations (1) and
(36).
A. On the possibility of the hydrodynamic
description of fermions
System of fermions can be described by the many-
particle wave function (wave spinor) Ψ(R, t) =
Ψ(r1, ..., rN , t). It allows to construct collective variables
as the quantum mechanical average of required operators.
One of the simplest collective variables known from hy-
drodynamics is the concentration of particles which can
be defined as averaging of operator
∑N
i=1 δ(r − ri). It
gives the following definition
nf (r, t) =
∫
Ψ+(R, t)
N∑
i=1
δ(r− ri)Ψ(R, t)dR. (8)
Evolution of concentration is determined by the Hamil-
tonian via the time evolution of the wave function.
Next, we can go further and split wave spinor Ψ(R, t)
on two column Ψu(R, t) and Ψd(R, t) which are related
to the spin-up and spin-down states of each particle. It
allows us to introduce the partial concentrations for spin-
1/2 fermions
nfs(r, t) =
∫
Ψ+s (R, t)
N∑
i=1
δ(r− ri)Ψs(R, t)dR. (9)
Evolution of these functions reveals in the hydrodynamic
equations which can be represented in non-linear Pauli
equation introduced above (1) in accordance with Refs.
[13], [16], [31].
III. SPECTRUM OF COLLECTIVE
EXCITATIONS: LINEAR REGIME
A. Equilibrium state
Consider an equilibrium state. To this end, the
wave function is presented in the following form ψs =
Ase
−ıµcht/h¯, where µch is the chemical potential and As
are constant which do not depend on r and t. Hence, we
5have △ψs = 0 in the equilibrium. If there is no short
range interaction and external magnetic field, equation
(1) reduces to ıh¯∂tψs = pˆiψs. Substituting ψs explicitly,
we find µchψs = pˆiψs. Consequently, we obtain µch =
piu = pid and nu = nd = n0/2. If there is no external
magnetic field at zero temperature all fermions occupy
quantum states with lower energies. All states below the
Fermi energy εFe = (3pi
2n)
2
3 h¯2/2m = pis(ns = n0/2)
are occupied due to the Pauli blocking. So, there is no
spin polarization and we have the polar equilibrium state
since we have equal numbers of fermions in states with
opposite spin projections. It is similar to the polar state
described in [23], [29].
The external magnetic field creates the spin imbal-
ance since it transfers energy to some spin-down fermions
to change their direction to spin-up states (it is as-
sumed that the Lande factor is positive). Obviously,
the external magnetic field creates the spin polarization,
but we consider the short range interaction with no ex-
ternal magnetic field. It gives the following equations
µch = piu + gnd and µch = pid + gnu. Consequently, we
find piu + gnd = pid + gnu. It leads to
(n
1
3
u − n
1
3
d )
(
n
1
3
u + n
1
3
d −
8pia
(6pi2)
2
3
(n
2
3
u + n
1
3
un
1
3
d + n
2
3
d )
)
= 0.
(10)
There are two solutions. One of them describes the polar
phase with nu = nd. Fig. 1 confirms that equation (10)
has a nontrivial solution. This equation has the second
solution for the repulsive short range interaction a > 0.
There is a narrow interval for the second solution. A so-
lution with the experimentally achievable concentrations
n0 = n0u+n0d ∼ 10
12÷1014 cm−3 exists at specific scat-
tering length a ∼ 10−6 cm, which are realistic scatter-
ing length. Therefore, the partially spin polarized state
can be realized for spin-1/2 fermions due to the repulsive
short range interaction between fermions with different
spin projections.
Presence of the magnetic field or the radio frequency
field creating equilibrium spin polarization, so it can be
describe described as an effective equilibrium magnetic
field Beff , changes both possible equilibrium states. It
creates the polarization in case of the zero initial polar-
ization or increases the spin polarization created by the
repulsive short range interaction. The attractive short
range interaction decreases the spin polarization created
by the external or effective magnetic field. Consider it in
more details. To this end, rewrite the Pauli equation (1)
for this equilibrium state: µchψu = (piu + gnd − µBz)ψu
and µchψd = (pid + gnu + µBz)ψd, where Bz → B0 =
Bext + Beff . Equating the different forms of the chem-
ical potential µch obtained from these two equations we
find the following relation between nu and nd:
piu − pid = g(nu − nd) + 2µB0 (11)
containing two parameters g and B0.
Equation (11) can be rewritten in terms of the spin
polarization:
(1 + η)
2
3 − (1− η)
2
3 − η
8pian
1
3
0
(3pi2)
2
3
−
4mµB0
(3pi2)
2
3n
2
3
0 h¯
2
= 0. (12)
Consider a characteristic concentration n0 = 10
14
cm−3 and solve numerically equation (10) (regime of zero
magnetic field). The solution is shown in Fig. 1. It
demonstrates that change of the scattering length near
a ≈ 100 nm allows to reach any value of spin polarization
η ∈ [0, 1].
Include the magnetic field and solve equation (12) nu-
merically for different regimes. A solution for zero short
range interaction scattering length a = 0, relatively small
massm = 7 u, µ = 2µB is shown in Fig. 2, where u is the
unified atomic mass unit (Dalton). It demonstrates that
relatively small magnetic field B0 ∼ 0.05 G can create
the full spin polarization η = 1. The full spin polariza-
tion can be reached at smaller magnetic field for atoms of
larger masses and larger magnetic moments. Influence of
small magnetic field B0 = 0.001 G on the dependence of
the spin polarization on the scattering length is demon-
strated in Fig. 3.
As it is mentioned above, the repulsive short range
interaction make it easier to create the spin polarization
by the magnetic field (see Fig. 4) and the attractive short
range interaction require larger magnetic field to create
the required spin polarization (see Fig. 5).
Relatively large mass of particles (in compare with
the electron) and small concentrations (in compare with
condense matter physics n0 ∼ 10
18 ÷ 1022 cm−3) leads
to small Fermi energy εFe = 0.62 × 10
−20 egr, where
m = 1 u, n0 = 10
14 cm−3. Hence, the Zeeman energy
µB0 = 0.9× 10
−20 erg at B0 = 1 G overcome the Fermi
energy creating conditions for the full spin polarization.
B. Small perturbations
Next, the small perturbations of an equilibrium state
are considered. The equilibrium state is described by
the concentrations n0u, n0d, the external magnetic field
B0 = B0ez, and the spin density projection on the mag-
netic field direction S0z = n0u − n0d. Other quantities
like the velocity fields vu, vd, the transverse spin den-
sity projections Sx, Sy are equal to zero. We consider
the perturbations in form of plane monochromatic wave
such as a perturbation of each quantity can be presented
in the following form δf = F exp(−ıωt+ ıkr).
Consider the linearized set of separate spin evolution
quantum hydrodynamic equations (2)-(7)
∂tδns + n0s∇δvs = 0, (13)
m∂tδvs +
∇δps
n0s
−
h¯2
4m
∇△δns
n0s
= −g∇δns′ ± µ∇δBz ,
(14)
6FIG. 6: (Color online) The figure (a) shows the dispersion de-
pendence of spin waves propagating parallel to the external
magnetic field. The frequency is plotted as a function of di-
mensionless wave vector κ = k/n
1/3
0
. The figure shows the dis-
persion dependence for different spin polarization. The upper
(lower) curve is obtained for η = 0.3 (η = 0.1). Other param-
eters are n0 = 10
14 cm−3, µ = 2µB , m = 6 u, g = 4pih¯
2a/m,
α = −0.4, where µB is the Bohr magneton. The figure (b)
shows the dispersion dependence for different mass of parti-
cles. The upper (middle, lower) curve is obtained for m = 6
u (m = 16 u, m = 66 u) at η = 0.1. Other parameters are
n0 = 10
14 cm−3, µ = 2µB , α = −0.4.
and
∂tδS+
(6pi2)
2
3 h¯
m
(n
2
3
0u − n
2
3
0d)[δS, ez]−
h¯
2m
[S0,△
δS
n0
]
=
2µ
h¯
([δS,B0] + [S0, δB]) +
g
h¯
(n0u − n0d)[δS, ez], (15)
which allows to find the spectrum of small perturbations,
s′ 6= s. They are coupled with the following linearized
equations of field
∇× δB = 4piµ∇× δS, ∇δB = 0. (16)
Below we consider different types of waves. Let us dis-
cuss some general properties of the sound waves and the
spin waves. Sound waves have linear spectrum ω ∼ k
which can be modified by the quantum Bohm potential,
FIG. 7: (Color online) The figure shows two sound waves
which are presented by equation (26). Each of them is pre-
sented for two different spin polarizations. Continuous lines
show the dispersion dependencies for η = 0.3. The dashed
lines present the sound waves at η = 0.1 (the black dashed
line almost coincide with the black continuous line). The
figure shows that the splitting between the dispersion de-
pendencies of the sound waves increases with the increase
of the spin polarization.Other parameters are the following:
m = 6 u, n0 = 10
14 cm−3, µ = 2µB , g = 4pih¯
2a/m,
| α |=| a | n
1/3
0
= 0.4, B0 = 10
−3 G for η = 0.1 and
B0 = 3.1× 10
−3 G for η = 0.3.
so ω2 ∼ k2 + ak4. In both cases the frequency is equal
to zero at the zero wave vector ω(k = 0) = 0. Sound
waves can exist as density wave if there is no spin den-
sity perturbations. Existence of two spin projections for
spin-1/2 fermions leads to two concentrations for parti-
cles with spin-up nu and particles with spin-down nd.
Increase of the species number can increase the number
of sound waves. In-phase evolution of nu and nd gives
the density wave. Different evolution of nu and nd gives
the evolution of the spin projection on the direction of
external field δSz = δnu− δnd with approximately linear
spectrum, so we refer to it as the spin acoustic wave. In
terms of the separate spin evolution this wave is a density
wave since nu and nd are independent variables while Sz
is not an independent variable in the model.
The spin waves have nonzero frequency at the zero
wave vector ω(0) 6= 0. In the simplest case, the frequency
ω(0) is equal to the cyclotron frequency Ω describing the
precession of the single magnetic moment in the external
magnetic field. Different many particle effects such as
the Fermi spin current and the spin-spin interaction can
change this frequency. The frequency dependance on the
wave vector usually is quadratic ω ∼ 1 + bk2, where the
term proportional to k2 caused by the quantum Bohm
potential.
7FIG. 8: (Color online) The figure shows two sound waves
which are presented by equation (26). Each of them is pre-
sented for two different spin polarizations. One of the chosen
spin polarizations is larger than in Fig. 7. Continuous lines
show the dispersion dependencies for η = 0.5. The dashed
lines present the sound waves at η = 0.1. Other parameters
are the following m = 6 u, n0 = 10
14 cm−3, | α |= 0.4 and
coincide with parameters in Fig. 7.
FIG. 9: (Color online) The figure shows two sound waves
which are presented by equation (26) in another regime of the
spin polarization. Each solution is presented for two different
spin polarizations. Continuous lines show the dispersion de-
pendencies for η = 0.62. The dashed lines present the sound
waves at η = 0.1. Other parameters are the following m = 6
u, n0 = 10
14 cm−3, | α |= 0.4 and coincide with parameters
in Fig. 7.
C. Propagation parallel to the equilibrium spin
polarization
At the propagation parallel to the anisotropy direction
created by the equilibrium spin density and the external
magnetic field we choose the wave vector in the following
form k = {0, 0, k}.
In this regime equations (13)-(16) are simplified to the
following form:
ωδns = n0skδvsz , (17)
FIG. 10: (Color online) The figure shows two sound waves
which are presented by equation (26) for the following spin
polarizations η = 0.3 (continuous lines) and η = 0.1 (dashed
lines). This figure presents results for a larger scattering
length | α |=| a | n
1/3
0
= 0.5. Other parameters are the
following m = 6 u, n0 = 10
14 cm−3.
FIG. 11: (Color online) The figure shows two sound waves
which are presented by equation (26) for the following spin
polarizations η = 0.3 (continuous lines) and η = 0.1 (dashed
lines). This figure presents results for the following scattering
length | α |=| a | n
1/3
0
= 0.3. Other parameters are the
following m = 6 u, n0 = 10
14 cm−3.
for the continuity equation,
− ωδvsz +
kδps
mn0s
+
h¯2k3
4m2
δns
n0s
= −
gk
m
δns′ , (18)
for the Euler equation,
−ıωδSx +
(6pi2)
2
3 h¯
m
(n
2
3
0u − n
2
3
0d)δSy −
h¯k2
2m
S0
n0
δSy
−
2µ
h¯
δSyB0 −
g
h¯
(n0u − n0d)δSy = −
8piµ2
h¯
S0δSy, (19)
for the x-projection of the spin evolution equation,
−ıωδSy −
(6pi2)
2
3 h¯
m
(n
2
3
0u − n
2
3
0d)δSx +
h¯k2
2m
S0
n0
δSx
8FIG. 12: (Color online) The figure shows two sound waves
which are presented by equation (26) for the following spin
polarizations η = 0.3 (continuous lines) and η = 0.1 (dashed
lines). This figure presents results for the following scattering
length | α |=| a | n
1/3
0
= 0.1. Other parameters are the
following m = 6 u, n0 = 10
14 cm−3.
FIG. 13: (Color online) The figure shows two sound waves
which are presented by equation (26) for the following spin
polarizations η = 0.3 (continuous lines) and η = 0.1 (dashed
lines). This figure presents results for the following scattering
length | α |=| a | n
1/3
0
= 0.01. Other parameters are the
following m = 6 u, n0 = 10
14 cm−3.
+
2µ
h¯
δSxB0 +
g
h¯
(n0u − n0d)δSx =
8piµ2
h¯
S0δSx, (20)
for the y-projection of the spin evolution equation, and
ex(δBy − 4piµδSy)− ey(δBx − 4piµδSx) = 0,
δBz = 0,
(21)
for the Maxwell equations, with δvsx = δvsy = 0,
δps = (6pi
2n0s)
2/3δns/3m, where it is included that the
last term in the Euler equation is equal to zero since
δBz = 0 in accordance with the Maxwell equations (21).
The right-hand side of the spin evolution equations (19),
(20) contain perturbations of the magnetic field expressed
via the spin density in accordance with the Maxwell equa-
tions (21).
The continuity equations (17) and the Euler equations
(18) do not contain the spin density δSx, δSy and the
FIG. 14: (Color online) The figure shows the dispersion de-
pendencies of spin waves propagating parallel (24) (the upper
curve) and perpendicular (33) (the lower curve) to the exter-
nal magnetic field at η = 0.3, α = an
1/3
0
= −0.4, µ = 2µB ,
m = 6 u, n0 = 10
14 cm−3.
magnetic field δB. So, they are decoupled from the spin
evolution equations and the equations of field. The con-
tinuity equation and the Euler equation for the spin-up
fermions are coupled to the continuity equation and the
Euler equation for the spin-down fermions via the short
range interaction. They lead to the two sound waves.
Substituting the velocity perturbation from equation
(17) into equation (18) we find a set of two equations for
the perturbations of the partial concentrations. A non-
trivial solition of this set exists if the determinant of this
set is equal to zero. It gives the following equation(
ω2 − (6pi2n0u)
2
3
h¯2k2
3m2
+
h¯2k4
4m2
)
×
×
(
ω2 − (6pi2n0d)
2
3
h¯2k2
3m2
+
h¯2k4
4m2
)
=
(
gk2
m
)2
n0un0d.
(22)
For the zero equilibrium spin polarization equation
(22) simplifies to(
ω2 − (3pi2n0)
2
3
h¯2k2
3m2
+
h¯2k4
4m2
)
= ±
gn0k
2
2m
, (23)
where we have included n0u = n0d = n0/2.
The equations for the spin density are coupled to equa-
tions of field for δBx, δBy. They lead to the spin wave.
Spectrum of the spin waves arises as a result of evolu-
tion of δSx and δSy has the following form:
ω =
∣∣∣∣Ω+ gh¯ηn0 − w− 8piµ2h¯ ηn0 + ηεkh¯
∣∣∣∣, (24)
where
w =
(6pi2)
2
3 h¯
m
(n
2
3
0u − n
2
3
0d) (25)
9is the characteristic frequency of the Fermi spin current,
εk =
h¯2k2
2m is the kinetic energy appearing from the quan-
tum Bohm potential, Ω = 2µB0/h¯ is the cyclotron fre-
quency, and η = (n0u − n0d)/n0 ∈ [−1, 1] is the spin
polarization. The first and last terms in equation (24)
are similar to the transverse spin wave mode obtained in
Ref. [24] formula (14). Presence of a small magnetic field
B0 = 10
−3 G makes the cyclotron frequency Ω compara-
ble with other terms in (24). At the larger magnetic field
the cyclotron term has the major contribution.
If g > 0 and Ω + ηgn0/h¯ dominates over w or g < 0
and Ω dominates over w + η | g | n0/h¯, it gives us a
positive constant Ω + gh¯ηn0 − w −
8piµ2
h¯ ηn0 at k = 0,
we have increase of function ω(k) with the increase of
the wave vector k due to ηεk/h¯. If we have a negative
constant at k = 0 (it happens in the limits opposite to
the described above) we have a decrease of the frequency
ω at the increase of the wave vector k.
Solution (24) is presented in Fig. 6 (a) for two differ-
ent spin polarization. The frequency at the zero wave
vector ω(k = 0) is shifted from the cyclotron frequency
by the short-range interaction (second term) and spin ef-
fects (third and fourth terms). The repulsive short-range
interaction increases the frequency, while the spin effects
decrease it. In the considering range of parameters, the
spin effects (the Fermi spin current dominates, while the
fourth terms describing the spin-spin interaction is rather
small) are dominate over the short-range interaction and
the cyclotron frequency. Increasing the spin polarization
we increase the frequency of spin wave. The increase of
the spin polarization increases all terms except the first
term. However, the Fermi spin current grows faster since
it is proportional to [(1 + η)2/3 − (1 − η)2/3] while the
other terms are proportional to η.
Solution (24) is presented in Fig. 6 (b) for three differ-
ent masses of particles for a fixed spin polarization. Fixed
spin polarization for a fixed scattering length at different
masses appears at different magnetic fields. Hence, the
cyclotron frequency is different for all curves. Change
of mass itself changes the short range interaction term,
the Fermi spin current term and the quantum Bohm po-
tential. Altogether, effect of mass increase and corre-
sponding change of magnetic field lead to the frequency
decrease of spin waves.
Spectrum of the waves of concentrations nu, nd (and
the velocity fields vu, vd) appears from equations (2) and
(36):
ω2 =
1
2
[
U2u+U
2
d ±
√
(U2u − U
2
d )
2 + 4g2
n0un0d
m2
]
k2, (26)
where U2s = (6pi
2n0s)
2
3 h¯2/3m2+εk/2m. Sign of the scat-
tering length do not affect dispersion dependence (26).
If there is no spin polarization we have n0u = n0d =
n0/2 and U0u = U0d. It can be reached by a combination
of a magnetic field and corresponding attractive short
range interaction. Consequently equation (26) simplifies
to ω2 = U2k2±gn0k
2/2m, with U2 = (3pi2n0)
2
3 h¯2/3m2+
εk/2m. The upper sign in ω
2 corresponds to δnu = −δnd
(the spin acoustic mode) and the lower sign corresponds
to δnu = δnd (the usual sound mode).
Using ∇ · B = 0 we find δBzkz = 0, which gives
δBz = 0. Thus, the magnetic field perturbation disap-
pears from equations (2) and (36). Therefore, the sound
waves and the spin waves are described by the indepen-
dent equations (in linear regime).
Obtained solution (26) is similar to the spin-electron
acoustic wave found in Refs. [16], and spin plasmon ob-
tained for the two dimensional electron gas [40].
Equation (26) can be represented in the following form:
ω =
h¯n
2
3
0
m
κ
[
(3pi2)
2
3
6
(
(1 + η)
2
3 + (1− η)
2
3
)
+
κ2
4
±
pi
2
√(
pi
3
) 2
3
(
(1 + η)
2
3 − (1 − η)
2
3
)2
+ 16(1− η2)α2
] 1
2
(27)
The sound waves described by equation (26) are pre-
sented in Figs. 7-13. Increasing the external magnetic
field we increase the spin polarization. It increases the
splitting of two branches of the sound waves Fig. 7.
The upper wave is a modified sound wave existing even
at the zero spin polarization. The lower branch is the
spin acoustic wave. Further increase of the spin polar-
ization increases the splitting of two branches Fig. 8.
The spin acoustic wave spectrum is more affected by the
spin polarization than the upper branch. The increase of
the spin polarization decreases the frequency of the spin
acoustic wave Figs. 7, 8. Large spin polarizations leads
to the modification of form of the spin acoustic wave spec-
trum. In this regime its almost linear spectrum starts at
k∗ > 0, so ω(k∗) = 0, as it is demonstrated in Fig. 9.
Next, consider two spin polarizations η1 = 0.1 and
η = 0.3 at different scattering lengths α = an
1/3
0 . At the
increase of the scattering length up to α = 0.5 we see that
the upper sound has almost same spectrum for different
spin polarization. However, the increase of the scattering
length noticeable decreases spin acoustic wave spectrum.
It can be seen from the comparison of the lower dashed
lines in Fig. 7 and Fig. 10 found for η = 0.1. The
nonlinearity of the spectrum becomes more noticeable
for larger α. Same increase of the scattering length for
η = 0.3 gives more changes to the spectrum. In addition
to the frequency decrease we find that spectrum starts at
k∗ > 0. Hence, the increase of α and increase of η changes
the spin acoustic wave spectrum in the same way. Next,
focus on the decrease of α in compare with its value used
in Fig. 7. It increases frequency of the spin acoustic
wave and decreases frequency of the upper sound wave
Fig. 11. Consequently, it decreases splitting between
spectrums of sound waves Fig. 11. These effects become
more prominent at the further decrease of the scattering
length (see Figs. 12, 13).
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D. Propagation perpendicular to the equilibrium
spin polarization
At the perpendicular propagation we choose the wave
vector in the following form k = {k, 0, 0}.
Let us present simplified form of equations (13)-(16)
existing in this regime:
ωδns = n0skδvsx, (28)
−mωδvsx+
kδps
n0s
+
h¯2k3
4m
δns
n0s
= −gkδns′±µkδBz, (29)
−ıωδSx +
(6pi2)
2
3 h¯
m
(n
2
3
0u − n
2
3
0d)δSy −
h¯k2
2m
S0
n0
δSy
−
2µ
h¯
δSyB0 −
g
h¯
(n0u − n0d)δSy = −
8piµ2
h¯
S0δSy, (30)
−ıωδSy −
(6pi2)
2
3 h¯
m
(n
2
3
0u − n
2
3
0d)δSx +
h¯k2
2m
S0
n0
δSx
+
2µ
h¯
δSxB0 +
g
h¯
(n0u − n0d)δSx = 0, (31)
and
ey(δBz − 4piµ(δnu − δnd))− ez(δBy − 4piµδSy) = 0,
δBx = 0.
(32)
Other projections of the velocity field are equal to zero:
δvsy = δvsz = 0. The right-hand side of the spin evo-
lution equations (30), (31) contain perturbations of the
magnetic field expressed via the spin density in accor-
dance with the Maxwell equations (32).
The set of continuity and Euler equations (28), (29) is
coupled with equation of field for δBz via the last term
in each Euler equation. As we can see δBz is propor-
tional to δnu − δnd. Substituting the found form of δBz
in the Euler equations (29) we find a closed set of equa-
tions for δnu, δnd, δvux, δvdx which is independent from
the equations for the spin density δSx, δSy (30), (31).
Equations for δnu, δvux are coupled to equations for δnd,
δvdx via two terms in the Euler equations (29): the short
range interaction and the spin-spin interaction. Evolu-
tion of concentrations and velocity fields leads to two
sound modes. Evolution of the spin density δSx, δSy to-
gether with equations of field δBx = 0 and δBy = 4piµδSy
leads to the spin wave.
Spectrum of the spin waves appears from equations
(30), (31), (32) as follows:
ω2 =
(
Ω+
g
h¯
ηn0 − w+
ηεk
h¯
)
×
×
(
Ω+
g
h¯
ηn0 − w−
8piµ2
h¯
ηn0 +
ηεk
h¯
)
. (33)
The spin wave dispersion dependence is different for par-
allel and perpendicular propagation. This difference ap-
pears due to the single term 8piµ
2
h¯ ηn0. This term
8piµ2
h¯ ηn0
exists in one of two multipliers in formula (33). While
it exists in both multipliers at the parallel propagation
(24). This difference is presented in Fig. 14.
Considering η ∼ 0.1, B0 ∼ 10
−3 G and larger, n0 ∼
1014 cm−3, g ∼ 10 nm, we see that term 8piηµ2n0/h¯ is
the smallest term in equations (24) and (33) (two or three
order smaller then others). Hence, the spectrum of spin
waves is almost isotropic. The difference of spin wave
spectrum for waves propagating in different directions is
demonstrated in Fig. 14.
Spectrum of the sound waves is obtained as follows:
ω2 =
1
2
k2
[
U2u + U
2
d − Λ
2
±
√(
U2u − U
2
d − ηΛ
2
)2
+ (g + 4piµ2)2
4n0un0d
m2
]
, (34)
where Λ2 = 4piµ2n0/m. The effects of magnetic moment
are relatively small in formula (34) for the considering
parameters range. Therefore, the sound wave spectrum
is almost isotropic.
E. Perturbations at zero external magnetic field
It is demonstrated in Sec. III A that the repulsive short
range interaction between fermions with different spin
projections can create an equilibrium spin polarization
at the zero external magnetic field. However, this regime
is unstable to the Cooper pair formation. It is possible
to consider the Fermi gas with an attractive short-range
interaction and effective magnetic field Beff leading to
the equilibrium spin polarization η 6= 0. Hence, we have
equilibrium spin polarization creating the preferable di-
rection S0 = S0ez. Consider perturbations of this equi-
librium state. To do this we need to substitute B0 = 0
in equations obtained above. We see that it does not
change the analytical form of the sound wave solutions
(26), (34), but it decreases the spin polarization existing
in this equations. Substituting B0 = 0 affects the spin
wave solutions (24), (33), where we shall put Ω = 0. Re-
moving Ω changes the spin wave frequency as it is shown
in Fig. 15. It increases frequency of spin waves, since we
do not need to subtract the cyclotron frequency from the
Fermi spin current term w.
Experimental realization of the described excitations
is similar to the experimental realization of the collective
excitations in spinor Bose-Einstein condensates [23], [24],
[29].
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FIG. 15: (Color online) The figure shows the dispersion de-
pendence of spin waves propagating parallel to the equilib-
rium spin polarization caused by the short range interaction
at the zero magnetic field. The frequency is plotted as a
function of dimensionless wave vector κ = k/n
1/3
0
. The fig-
ure shows the dispersion dependence for different spin po-
larization. The upper (lower) curve is obtained for η = 0.3
(η = 0.1), n0 = 10
14 cm−3, µ = 2µB , m = 6 u, α = −0.4.
IV. ON A POSSIBILITY OF SPIN ACOUSTIC
SOLITONS
If equilibrium spin polarization is caused by the radio-
frequency we have equilibrium effective magnetic field
B0. Next, the spin evolution is proportional to the mag-
netic moment evolution. Hence, it causes the appearance
of the magnetic field.
The paper is focused on the nonlinear waves propa-
gating parallel to the direction of the equilibrium spin
polarization S0 = S0ez. This direction of wave prop-
agation leads to the following structure of the gradient
operator: ∇ = {0, 0, ∂z}.
Consider perturbations of the magnetic field via the
analysis of the magneto-static Maxwell equations. Equa-
tion∇·B = 0 is the first step of our analysis. Substituting
the gradient operator presented above in this equation
find the following differential equation ∂zBz = 0 which
can be easily solved Bz = c1 = B0.
The second step is the analysis of the equation ∇ ×
B = 4piµ∇× S. It gives −∂z(By − 4piµSy)ex + ∂z(Bx −
4piµSx)ey + 0ez = 0. It leads to Bx − 4piµSx = c2 and
By − 4piµSy = c3. In equilibrium state we have Bx =
By = 0 and Sx = Sy = 0. Consequently, c2 = c3 =
0. Therefore, the magnetic field is found Bx = 4piµSx
and By = 4piµSy. These relations between projections of
the spin density and the magnetic field leads to the zero
z-projection of the spin-torque entering the continuity
equations: Tz = [B,S]z = BxSy −BySx = 0.
Present the modified set of hydrodynamic equations
for the regime of perturbations propagating parallel to
the equilibrium spin polarization:
∂tns + ∂z(nsvsz) = 0, (35)
and
mns(∂t + vsz∂z)vs + δ
αz∂zps
−
h¯2
4m
nsδ
zα∂z
(
∂2zns
ns
−
(∂zns)
2
2n2s
)
= Fg,s + FS,s, (36)
where Fg,s is the force field of short-range interaction:
Fg,u = {0, 0,−gnu∂znd}, Fg,d = {0, 0,−gnd∇nu}, FS,s
is the force field of spin-spin interaction, its explicit form
arises as
FαS,s = ±µnsδ
αz∂zBz +
µ
2
δαz(Sx∂zBx + Sy∂zBy)
± 4pi
mµ2
h¯
(Jxα(M)Sy − J
yα
(M)Sx), (37)
with the following explicit form of the spin currents
Jαβ(M) =
Sα
2
(vβu + v
β
d )− ε
αγz h¯δ
βz
4m
(
∂znu
nu
−
∂znd
nd
)
Sγ .
(38)
Moreover, the first line in FαS,s is equal to zero:
FαS,s = ±4pi
mµ2
h¯
(Jxα(M)Sy − J
yα
(M)Sx). (39)
Next, using explicit form of the spin-currents find
Jxα(M)Sy − J
yα
(M)Sx
= −
h¯
4m
δαz
(
∂znu
nu
−
∂znd
nd
)
(S2x + S
2
y). (40)
It gives that force field FS,s has only z-projection F
α
S,s =
δαzFS,sz:
FS,sz = ∓piµ
2δαz
(
∂znu
nu
−
∂znd
nd
)
(S2x + S
2
y). (41)
Consequently, we obtain ns(∂t + vsz∂z)vsx = 0 and
ns(∂t + vsz∂z)vsy = 0 while
mns(∂t + vsz∂z)vsz + ∂zps
−
h¯2
4m
ns∂z
(
∂2zns
ns
−
(∂zns)
2
2n2s
)
= Fg,sz + FS,sz. (42)
It will be shown below that the spin-spin interaction
force given by Eq. (41) is the term of third order on
the small parameter while our weakly nonlinear analysis
includes terms up to the second order on the small pa-
rameter. Hence, it can be neglected. Therefore, there
is no need to include the spin evolution equation in the
following analysis.
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A. Small perturbations
Equations (35) and (42) are solved by the perturbative
method [41], [42], [43].
We consider ξ = ε1/2(z − Ut), and τ = ε3/2Ut, where
U is the phase velocity of the wave. The decomposition
of the concentration and velocity field involves a small
parameter ε in the following form: ns = n0s + εn1s +
ε2n2s + ..., and vs = εv1s + ε
2v2s + ....
Moreover, the spin density projections have similar de-
compositions Sx = εS1x + ... and Sy = εS1y + .... These
decompositions of the spin density make the spin-spin in-
teraction force proportional to ε7/2. So, it does not con-
tribute in the two lowest orders ε3/2 and ε5/2 involved in
our analysis.
From the lowest order on the parameter ε of the hy-
drodynamic equations we find the phase velocity:
U2 =
1
6
(
v2Fu + v
2
Fd ±
√
(v2Fd − v
2
Fu)
2 + 36
g2
m2
n0un0d
)
.
(43)
Two phase velocities are found. It corresponds to the
possibility of the existence of two solitons.
Considering terms proportional to ε5/2, we find cor-
responding set of equations. Representing all variables
via n1u, we find that n1u satisfies the Korteweg-de Vries
equation:
∂τn1u + pn1u∂ξn1u + q∂
3
ξn1u = 0, (44)
where
q = −
h¯2
8m2U2
, (45)
and
p =
(3U2 − v2Fd/9)(U
2 − v2Fu/3)
2 + gmn0d(3U
2 − v2Fu/9)(U
2 − v2Fd/3)
2U2 gmn0un0d(2U
2 − (v2Fu + v
2
Fd)/3)
. (46)
Concentration n1u appearing as the solution of equa-
tion (48) can be presented in the following form
n = n0 +
2V ε
p
· sech2
(√
V
q
η
2
)
, (47)
where η = ξ − V τ .
Parameter q defines the width of the soliton. Hence,
it should be positive for a soliton to exist. However,
parameter q given by equation (45) is negative. Hence,
there is no soliton solution in this regime.
Let us mention that if there is no interaction g = 0
then there is no soliton solution:
2
3
n0sv
2
Fs∂τn1s +
8
9
v2Fsn1s∂ξn1s −
h¯2
4m2
∂3ξn1s = 0. (48)
It is correct for each species of fermions. As it is
demonstrated above, the interspecies interaction does not
change this picture.
We conclude that there is an analog of linear spin-
electron acoustic wave (existing in the electron gas) in
the gas of neutral fermions (this wave is called the spin
acoustic wave). However, there is no analog of the spin-
electron acoustic soliton (existing in the electron gas) for
neutral fermions with the short range interaction in the
first order by the interaction radius.
V. CONCLUSION
A minimal coupling model of neutral weakly interact-
ing spin-1/2 fermions with the short-range and spin-spin
interactions has been presented in form of a non-linear
Pauli equation with the spinor pressure term and two-
fluid hydrodynamic equations. The presentation of the
model in the hydrodynamic form explicitly shows the
Fermi spin current (a part of the spin current caused
by the Pauli blocking). Being in the partially polarized
phase the spin-1/2 fermions show three collective excita-
tions, two of them are sound waves, and the third wave
is a spin wave.
The repulsive short range interaction leads to the spin
polarization and the external magnetic field increases it.
Hence, the system shows an anisotropic behavior. De-
scribed structure of the spectrum exist for both limit
regimes of the wave propagation: parallel and perpen-
dicular to the equilibrium spin polarization. It has been
shown that the Fermi spin current contributes in the spin
wave spectrum only. The Fermi spin current gives main
contribution in the spin wave spectrum at the small mag-
netic field B0 < 0.01. The cyclotron frequency gives the
main contribution at larger magnetic field. Spectrum of
the spin waves different at propagation parallel and per-
pendicular to the equilibrium spin polarization. This dif-
ference by the spin-spin interaction. However, the differ-
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ence is rather small, so the spectrum is almost isotropic.
The increase of the spin polarization increases the fre-
quency of the spin waves.
As it is mentioned above, there are two sound waves.
The upper sound wave exist due to the full Fermi pressure
of fermions with both spin projections. It can be found
even in the single fluid model of spin-1/2 fermions. The
lower sound wave is the spin acoustic wave. It exists due
to relative motion of spin-up and spin-down fermions.
The upper sound wave increase its frequency at the
increase of the spin polarization. This effect is more pro-
nounced at the small positive scattering length. Change
of spin acoustic wave frequency at the change of the spin
polarization is larger then corresponding change of fre-
quency of the upper sound wave. However, the spin
acoustic wave frequency decreases at the spin polariza-
tion increase. The form of spin acoustic wave spectrum
changes at the relatively large spin polarization and large
scattering length. In this regime the wave does not exist
at small k < k∗, where ω(k∗) = 0. The spin acoustic
wave frequency increases almost linearly at k > k∗. The
external magnetic field B0 ≥ 0.01 G creates full spin po-
larization of repulsive fermions. In this regime, we have
only one subspecies of fermions. Hence, there is only one
sound wave.
Overall, the equilibriums state and spectrum of small
perturbations of weakly interacting spin-1/2 fermions are
studied.
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